From Calorimetry to Equations of State

Stanislaw L. Randzio

Polish Academy of Sciences, Institute of Physical Chemistry, ul. Kasprzaka 44/52, 01-224 Warszawa, Poland

1 Introduction

Equations of state (EOS) used in the description of the proper-
ties of matter are very interesting, effective, and intellectually
stimulating because they facilitate an easy exploration of
modern computational techniques, and further allow a deeper
examination of many physicochemical questions, such as struc-
ture formation occurring in liquid or amorphous phases. EOS
are also extremely important in solving practical problems
concerning the exploitation of geothermal energy, oil and gas
recovery, high-pressure organic synthesis, ezc. Although a large
number of semi-empirical and theoretical EOS (often developed
with the use of statistical thermodynamic theories) have consi-
derably advanced the general knowledge in the field, there are
unfortunately many difficulties in the correct use of EOS over
large ranges of pressurc and temperature. Pressure (density)
effects arc in particular very difficult to handle by means of the
known EOS. One of the reasons for this is the lack of a reference
state at high densities which could be used as a high density
verification of EOS and their construction. The absence of such
a state can be compensated by selection of a distinctive thermo-
dynamic property which should be measurable over large ranges
of pressure and temperature by a convenient experimental
technique. The present review is intended to demonstrate that
the isobaric coefficicnt of thermal cxpansion, a,(7T.,p) =1/
V(@Vn/eT), (where V, is the molar volume), can be used as
such a property, and that pressurc-controlled scanning calori-
metry can serve as a technique for its measurement.

2 Outline

The possibility of controlling the three most important thermo-
dynamic variables (p,V.,T) in scanning calorimetric measure-
ments makes it possible (o realize simultancous measurements of
changes (or rates of such changes) of both thermal and mechani-
cal contributions to the thermodynamic potential caused by the
perturbation of one of the independent variables while the other
independent variables are kept constant.! For cxample, the
simultaneous recording of both the heat flow and the volume
changes resulting from a given isothermal pressure scan leads to
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the simultancous detcrmination of both (¢S/ép)yand (¢V/ip)r.
The pressure derivatives of thermodynamic functions are par-
ticularly interesting because they provide important infor-
mation about the intermolecular intcractions in condensed
matter, as has been demonstrated in the case of dense liquids.?-3
The pressure variable has often been neglected in the thermo-
dynamic investigation of liquids. although even at the beginning
of this century Bridgman pointed out its rolc in testing the
theories of liquids.* The present article is mainly concernced with
the role of pressure as an independent variable in thermodyna-
mic investigations.® The precision of calorimetric measurements
of pressure derivatives performed over large ranges of pressure
and temperaturc is 1-—3%. depending on the pressure and
temperature. and is much higher than the precision of the best
volumetric techniques. Careful studies of a series of liquids of
various physicochemical nature have revealed some characteris-
tic features. such as the crossing of isotherms of the isobaric
coefficient of thermal cxpansion (a,), minima in thc isobaric heat
capacity (C,) isotherms, a unique crossing point of a, isothcrms
for simple liquids, the shifting of the crossing point to higher
pressures with addition of an associative component, efc.

Some of the problems outlined above, such as the crossing
point of a, isotherms can be approached from the point of view
of the hole theory and the concepts of metastable liquids which
are based on the use in the correlation cquation of the spinodal
line as the stability limit for the liquid state.® 2 This is an
clegant way of correlating experimental data and to create
empirical equations of state, but unfortunately this approach
does not significantly advance our molecular knowledge of the
dense liquid state. The intermolecular interactions in dense
liquids have long been of interest to many scientists. The best
known van der Waals EOS is based on the attractive potential
determined by London dispersion forces and the hard sphere
repulsive potential.'* As pointed out by Leland and Chappe-
lear,'* van der Waals himself (and also Boltzmann) recognized
that the hard sphere term RT/(V,, — b) does not correctly
account for the cffect of molccular repulsion at high densities.
Despite many later improvements of the van der Waals equation
(e.g. references 15—17, and for recent remarks sec reference 18)
until very recently no previous EOS could reproduce the high-
pressure experimental observations outlined above. By deriving
a set of a, isotherms from various EOS which were selccted on
the basis of their construction with respect to the repulsive and
attractive contributions (o the internal cnergy. and comparing
the derived quantities with the experimental calorimetric obser-
vations, it was dctermined that the softness of the repulsive
potential is the most important featurc of the EOS under
investigation towards the correct description of the high-density
properties of liquids.!® The usc of the Maxwell distribution
method?® has allowed arrival at a repulsive term based on the
Lennard-Jones potential, the shape of which can be varied by
selecting various values for the exponents m and n.2! A detailed
analysis has revealed that the best reproduction (very closc to the
experimental observations) of the thermal expansivities for
dense simple liquids, including the crossing point of isotherms. is
obtained when the shape of the repulsive branch of the inter-
molecular potential is of the form of thc 8—4 Lennard-Jones
potential 122!

The present review will start with a short presentation of a
pressure-controlled scanning calorimeter as applied for determi-
nation of a, for both liquid and solid substances. Then a
comparison will be presented between scts of experimental
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isotherms and isotherms derived from various EOS of «, for n-
hexane and methanc. both treated as simple liquids. A similar
comparison will also be presented for n-hexanol and its binary
mixtures with #-hexane. treated as associated liquids. Also. a
calorimetric verification of a theorctical EOS for polyethylene,
both for crystalline and amorphous phases at pressures up to 300
MPa. will be presented. The author hopes that the present article
will show that pressure-scanning calorimetry is a very good
guidc in scarching for better EOS which should be useful not
only in describing the propertics of substances over wide ranges
of pressure and temperature. but also towards a better under-
standing of the behaviour of dense matter.

3 Pressure-controlled Scanning Calorimetry

A presentation of the thermodynamic basis for scanning calori-
metry controlled by an independent thermodynamic variable
was given clsewhere.?? thus only a brief introduction o a
procedure in which pressure is taken as the inducing variable will
be given here. The most important problem concerns the
transmission of pressure into the investigated substance whichis
placed in the calorimetric vessel. The dircct placement of a
piston directly in the calorimetric vessel would lead to an
enormous heat cffect caused by friction. and thus a ncutral
hydraulic fluid is usually taken as an intermediate medium
transmitted through a capillary. and the piston is then placed
outside of the calorimeter. This experimental arrangement is
presented in Figure la. where the sample under investigation is
in mechanical contact with the hydraulic fluid within the calori-
metric vesscl. If there is a risk of chemical interaction between
the hydraulic fluid and the substance under investigation. then
the sample is placed in an ampoule. a bellows. etc. It should be
noticed that in such an arrangement a part of the inner active
volume V,, of the calorimetric vessel is filled by the hydraulic
fluid and eventually by the ampoule. The active volume ¥, is
that part of the high-pressurc tubing which exchanges heat
directly with the calorimetric detector. This experimental design
is most often used for investigations of solid substances. Figure
1b shows the experimental sct-up used when the investigated
sample is in the fluid state. and the whole internal volume 1, is
filled with the substance under investigation through which the
pressure variations arc transmitted into the calorimetric vesscl.
In this case the number of moles N of the substance under
investigation contained in the active volume Vi, is changing
during the pressure variations and is equal to I,/ V. where the
molar volume of the substance. V,,.is a function of pressure. The
transport of the hydraulic fluid (Figure la) and/or of the
substance under investigation (Figure 1b) injout of the calori-
metric vessel during the pressure variations is always performed
under isothermal conditions. This can be satisfactorily achieved
if the heat cxchangers are properly constructed and the heat
effect is measured by means of a heat-flow or power compen-
sated calorimeter.=*
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3.1 Determination of a, for Fluids
The enthalpy differential for one mole of a pure substance is
described by the following equations:

Al Tp) = | Fo Y a7+ [ ) gy ()
T Jp cpo )

dH(T.p) = dQ,, + V\dp (2)

When the temperature is kept constant and the pressure is varied
as a lincar function of time (7T = const.. dT =0, p=p, * at.
dp = =+ adr). then N moles of the substance contained in the
sample under investigation and submitted o such thermo-
dynamic conditions will exchange heat at a rate defined by

99 T PT(]’) =N ({i N Vm a 3
ds p )1 (3)
=+ N ﬁ Ta= - N| + (_V”_ Tu
ép Jr ct /),

where Py(p) 1s the power generated or absorbed under isother-
mal conditions. For the experimental arrangement presented in
Figure 1b ¥ = V,,/ V. equation 3. can thus be reduced to the
following form:

Pup)y=—1| = L (_V"! VieTa 1= = (£ o,V Ta)  (4)
Va \ (T

where q, is the isobaric cocfficient of thermal cxpansion of the
substance under investigation. The power generated or
absorbed by such process in the cylindrical wall of the calori-
metric vesscl can be described by the following cquation:?3

Prulp)y= £ oy, ViTa (5)

where a,,  is the isobaric coeflicient of thermal expansion of the
material from which the calorimetric vessel is made. From
cquations 4 and S the final cxpression for the calorimetric
determination of a, for fluids is:

AL (6)

where A Py(p) is the total power recorded in the stationary state
by the calorimetric detector as a response to the inducing
pressure variations occurring at rate ¢. The internal volume V7,
is determined in calibration measurements by filling the calori-
metric vessel with a fluid of known ap(p.T). The pressure can also
be scanned as a serics of stepwisc changes Ap,. where the
calorimetric output signal is then recorded as a series of thermo-
grams.=* In this case equation 6 takes the following form:

(b)

!

Figure 1 A schematic presentation of the calorimetric vessel arrangements for two methods of transmitting pressure into the substance under

investigation during pressurc-scanning measurements.



FROM CALORIMETRY TO EQUATIONS OF STATE—S. L. RANDZIO 361

_ 0
{apn) = — L tanw (7
’ V. TAp,

where {a,,, is the mean value of the isobaric thermal expansion
coefficient over the applied pressure step, and Q, is the quantity
of heat obtained from integration of the respective calorimetric
thermogram. An expression similar to equation 7 was used by
Ter Minassian and Pruzan2S in their piezothermal technique
where the pressure variations were realized as a series of manual
quasi-stepwise changes. Figure 2a and b show results from the
determination of a, as a function of pressure at 354.6 K for n-
hexane and benzene, respectively, with the use of all the methods
presented above and performed with various instruments. In the
above graphic presentations the thermal expansivities obtained
from respective reference tables prepared on the basis of the best
volumetric measurements are also given (for references see
Figure 2a and b). The agreement is satisfactory between both the
calorimetric measurements and the reference tables. Unfortuna-
tely, the reference tables are limited in pressure, with tabulations
only up to 100 MPa. At higher pressures the discrepancies of
thermal expansivities obtained from volumetric measurements
are much higher, up to 20—35 per cent.?® Thus, the calorimetric
methods for the determination of the thermal expansivities of
liquids at high pressures are for the moment the most accurate.

3.2 Determination of o, for Solids

In the case of the experimental arrangement presented in Figure
la, in addition to the thermal effects defined by equation 3 for
the investigated sample and by equation 5 for the high-pressure
tubing, there will be a thermal effect developed in the hydraulic
fluid which fills up a part of the active volume equal to
(Vin - NVm):

Pre= — [+ aT(Viy = NVi)a,d (®)
where a,, ;is the thermal expansivity of the hydraulic fluid. From

equations 3, 5, and 8 the final expression for the calorimetric
determination of a,, for solid materials is:
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It is worth noting that in the case when the whole internal
volume of the calorimetric vessel is filled with the substance
under investigation during the scanning of pressure, equation 9
is reduced to the simple form of equation 6 or 7. In all other cases
the determination of a,, for solid materials requires knowledge of
the thermal expansivity of the hydraulic fluid and of the volume
of the material under investigation. When pressure scanning is
carried out with a piston pump (Figure 1) driven by a stepping
motor,!-5:23:24 then by counting the number of motor steps N,
the volume variations of the sample under investigation caused
by the pressure change can be determined by:

N mo g (IN) (9N (10)
dp dp tot dp f

where kg &~ 5 x 107% cm? step ™! is the calibration constant of
the piston-stepping motor system. The second term of equation
10 is concerned with the compressibility of the hydraulic fluid
and is determined in calibration experiments when the whole
volume is filled only with the hydraulic fluid. The first term is
obtained during pressure-scanning calorimetric measurements
by simultaneous recording of the number of motor steps as a
function of pressure. For such case the volume of the material
under investigation as a function of pressure at a given tempera-
ture T is determined by equation 11:

_ TV,
Vel Top) = Vo Tipo) — [ —2dp (11)
ro dp

where V(T,P,) is the molar volume of the substance under
investigation at normal pressure, which can be determined by a
simple pycnometer.

4 o,(p.T) for Simple Liquids: Experimental and
Derived from Various EOS

Already in 1913 Bridgman# reported from his volumetric mea-
surements that at high pressures the a, isotherms of liquids may
cross and recross in a most bewildering way, As emphasized by
Street3? at least part of this unusual behaviour could be a result
of errors in the measured volumes. Taking n-hexane as a test
substance we have performed systematic measurements of a,
with pressure-controlled scanning calorimeters constructed in
three different laboratories.!-23:24 The results of these measure-
ments, together with the data of other authors?7-28 obtained
using the piezothermal technique,?’® were fitted by least-squares
to a correlation equation.?® The final result, which is presented
in Figure 3a, clearly demonstrates that the a, isotherms of n-
hexane, taken over the temperature interval of 200 K, have a
unique crossing point (M), occurring at 70 + 3 MPa, where
ap, = (8.70 £ 0.10) x 107*K "1, and is independent of tempera-
ture. At lower pressures a, increases with increasing temperature
but at higher pressures, up to 700 MPa, a, decreases with
temperature increases. Such a characteristic experimental
feature can be used as a diagnostic for EOS of dense simple
liquids.'® Most of the known EOS can be written in a form in
which the repulsive and attractive contributions to the pressure
can be separated. Below, results showing the derivation of that
property from two groups of EOS (those with the attractive
contribution modified with respect to the van der Waals EOS
and those with a modified repulsive contribution) will be
presented.

4.1 o, Derived from EOS with a Modified Attractive
Contribution

The isobaric thermal expansivities of n-hexane derived from the
van der Waals EOS!3 and from selected EOS33--35 (see Table 1)
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Figure 3 Isobaric thermal expansivities a, for n-hexane: experimental
(¢)*® and derived from the van der Waals EOS'? (h. equation 12) and
from EOS with a4 modified attractive contribution to the pressure:
Redlich-Kwong?? (¢, equation 13). Soave?** (d. cquation 14). Peng
Robinson?® (e, equation 15). B. crossing point of 1sotherms derived
from cxperimental data.

Table 1 Sclected equations of state of the van der Waals type
with a modified attractive contribution to the
pressure

NAME FQUATION

RT
—h 172

m

van der Waals'? p= (12)

Fin
where R is the ideal gas constant. b 1s the co-
volume and the parameter ¢ 1s proportional to
the average intermolecular attractive force: the
two parameters can be determined from the
critical pressure p. and critical temperature 7.

bh=RT 8p..a=2TRT264p,

Redlich- Kwong*? p= RT a i (13)
Vo= b Vo(Ppt BT

Soave’* p= RT  f(tTew) (14)
Va=b VoV, +h)

where w is the acentric fuctor
(for n-hexane w = 0.296 and for methane

1w = 0.008)
Peng Robinson?* p= RT_ . afTen) (15)
Vb VoV by b(E, - b)
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are presented in Figures 3b—c. The results demonstrate that the
crossing point. or even any crossing of isotherms. cannot be
obtained for n-hexane using the van der Waals!'3 cquation, or
with similar equations with the modified attractive term. such as
Redlich- Kwong?? and Soave** EOS. An advanced complica-
tion of the temperature dependence of the attractive contribu-
tion in the Peng Robinson?® EOS results in the appearance of
the crossing point. but at low temperatures (up to almost 403 K)
the isotherms have incorrect character. with a, increasing with
increasing pressure. a trend opposite to that observed experi-
mentally. Similar results have been also obtained for methane. A
sct of three isotherms for liquid methanc derived from the
IUPAC tables for that substance3® are presented in Figure 4a.
There is a similar crossing point (#). although it appcars at
higher pressure with respect to n-hexane. The isotherms of a, for
methane Cross at p=90+£5 MPa. where
a, = (1.893 £ 0.019) x 10 * K~ '."? Neither the van der Waals
EOS nor the set of EOS with the modified attractive contribu-
tion presented in Table 1 correctly reproduce the experimental
data for methane. One can speculate that a further complication
of the attractive contribution could result in a proper represen-
tation of derived data both for methane and #-hexane. but most
probably the physical significance of such a modification would
be casily lost.

4.2 a, Derived from EOS with a Modified Repulsive
Contribution

In all EOS using the modified attractive contribution (Table 1

and Figures 1b-—e) the repulsive contribution based on the

4.07— e —
180K a
J}\— 160 K
3.0
20‘ \\\\
1.0 :
0 40 80 120 160 200

o, (kK™)

3 5} d o]\ e
\ 140 K
5 \\ 160 K
28 180K
1.5 s “"'««._\\ 3‘}
| L
0.5, % 4 8 120 160 200

0 40 80 120 160 200

PRESSURE (MPa)

Figure 4 Isobaric thermal expansivities «, for methane: cxperimental
(a)'?-3 and derived from the van der Waals EOS'* (A, equation 12)
and from EOS with a modified attractive contribution to the pressure:
Redlich Kwong?? (¢, equation 13). Soave’* (<, equation 14). Peng
Robinson?* (¢, equation 15); . crossing point of isotherms derived
from experimental data.
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simple rigid-sphere term R7/(V,,, — b) remained unchanged.
When the rigid-sphere term in the van der Waals EOS s replaced
by the hard-sphere equation of Carnahan and Starling?? [Table
2. equation 16. where ¢ = (m,2/6)(h/ V',)]. the behaviour of the
derived a, isotherms for both n-hexane (Figure Sa) and methane
(Figurc 5b) is correct over the entire ranges of pressure and

temperaturc under investigation. although the crossing points of

the isotherms in both cases are rather far from the experimental
results. When the van der Waals attractive term is replaced by
the temperature-dependent attractive contribution of Redlich
and Kwong?3 (equation 17, Table 2) the derived thermal expan-
sivitics for both n-hexane (Figure S¢) and methane (Figure 5d)
did not improve. In fact they arc even worse with respect to the
simple van der Waals attractive term. This observation is in
opposition to the original suggestion of Carnahan and Starling
that a modification of the attractive term can improve the
behaviour of their equation at high densities.3® The encouraging
results obtained with the testing of Carnahan Starling EOS at
high densities arc most probably related to the softness of the
interaction potential. real molccules must have a softly repulsive
potential. A step further in the understanding of this problem
follows the soft-sphere repulsive term of Deiters and Randzio?!
based on the Lennard—Jones intermolecular potential and con-
structed with use of the Maxwell distribution method?° (Table 2.
equations 18-—25. where {, = (7/6) No®iVy, and T = kgTle: o
and e are size and energy parameters of a Lennard -Jones-type
potential). Values of parameters «, ... a, can be calculated from
cquations 20—25 for various interaction potential shapes with
the exponents of the repulsive part and of the attractive part
ranging between (8 < m < 40) and (4 < n < 8). respectively. For

Table 2 Sclected equations of state of the van der Waals type
with a modified repulsive contribution to the pressure

NAME EQUATION
Carnahan RT 4¢ 262\ _u
Starling®’ re T (1 ' (1= > i e
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Figure § lsobaric thermal expansivities o, calculated from selected EOS
of the van der Waals type with a modified repulsive contribution to the
pressure for a-hexane and mcthane respectively: (a.h) Carnahan
Starling?” van der Waals'? (equation 16): (¢.) Carnahan Starl-
ing?” -Redlich Kwong??  (equation  17). (¢f) Deiters Randzio?!
(equations 18—25) for 12—6 interacting pair potential; (g./r)
Deiters Randzio?! (equations 18—25) for 8-—4 interacting pair
potential: W, crossing point of isotherms derived from experimental
data.

the construction of the soft-sphere repulsive term only the
repulsive branch of the potential is taken into consideration. The
attractive contribution in the whole EOS is defined by the van
der Waals attractive term (sec equation 18). Examples of results
obtained with thiscquation for the 12-—6 Lennard-Jones poten-
tial are presented in Figure 5S¢ for n-hexane and in Figure St for
methane. The obtained results are much better than with the
Carnahan-Starling EOS. although the crossing points of iso-
therms both for n-hexane and methane still appear at unexpec-
tedly low pressures. The best results are obtained with the
repulsive term constructed on the 84 Lennard-Jones poten-
tial. In the casc of methane (Figure Sh) the agreement between
derived values and the experimental data is almost perfect. In the
casc of n-hexane (Figure Sg) the agreement is less than perfect.
most probably because n-hexane is much less spherical than
methane.

5 apy(p.T) for Associated Liquids

The behaviour of a,(p.T) for associated liquids is much more
complicated than that for the simple liquids. and depends on the
mechanism of the specific interactions. For example for mi-
cresol.?? a self-associated liquid. there is no crossing point over
the temperature range from 303 K to 503 K at pressures up o
400 MPa. Theisotherms do cross near 100 MPa, but the crossing
points are temperature dependent. The isotherms cross at lower
pressures as temperature increases. A unique crossing point may
exist at some high temperature where ni-cresol is unassociated
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since the low-temperature behaviour probably results from the
association equilibrium. For water,*? another sclf-associated
liquid. the behaviour of a,(p.7) is even more complicated. At
temperatures up to almost 323 K the isobaric thermal expansivi-
ties increase with increase in pressure, but all isotherms over the
temperature range from 223 K (super-cooled water) up to 423 K
cross near 400 MPa. Although the calorimetric technique has
been very important in the establishment of the correct set of
a,(p.T) data for watcr and m-cresol. the detailed analysis of the
behaviour of such complicated liquids is out of the scope of the
present review. However. additional attention will be given
below to n-hexanol. also a self-associated liquid. and its binary
mixtures with n-hexane.

Calorimetric measurcments have demonstrated that with
addition of n-hexanol to n-hexane the crossing of isotherms is
pushed to higher pressures. almost as a linear function of »-
hexanol concentration.*! For illustration. Figurcs 6a and 6b
show results of calorimetric measurements for 0.1 and 0.5 molar
ratio mixtures of n-hexanol with n-hexane, respectively, whereas
Figure 7c¢ shows pure n-hexanol. Nonc of the known EOS can
reproduce the obscrved behaviour of a,(p.T). Reasonable results
have been obtained only with the Deiters equation which takes
into account the volume change during association, and thus
accounts for the pressure effects on the association equilibrium
with the use of the so-called chain association theory.*? How-
ever. the best results have so far been obtained by combining the
soft sphere EOS?! (based on the 8—4 Lennard-Jones potential
and the van der Waals attractive term) and the chain-association

503 K a
1.41~* 453K

- 403K

"= 353K

10| =, 303K

0 100 200 300
PRESSURE (MPa)

Figure 6 Dircct calorimetric experimental data*! on the isobaric
thermal expansivitics «, of n-hexanol (¢) and its binary mixture with n-
hexane; 0.1 molar ratio of n-hexanol (¢) and 0.5 molar ratio of »-
hexanol (b).
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term from the Deiters cquation.*? A dctailed presentation of this
new equation will be given clsewhere. Figures 7a,b, and ¢ show
results of derivation of a,(p.T) for n-hexanol and its mixtures
with n-hexane at the same concentrations as in Figure 6 which
shows the results of calorimetric measurements. One can see that
despite differences in the absolute values of thermal expansivi-
ties, the qualitative agreement is satisfactory. The existence of
isotherm crossing and its shifting with pressure is almost the
same as in the calorimetric measurements. Thus. by adding an
association term#? (o the soft-sphere EOS?! we could reproduce
the shifting of the isotherm crossing to higher pressures with use
of the critical data only of both substances. and the association
properties in the ideal state. Further improvements of the
equation are necded. and most probably such modifications
should be related to the symmetry of the two molecules. The
calorimetric information nevertheless represents an important
test and provides certain guidclines for such studies.

6 ay(p. T) for Crystal and Amorphous Phases of
Polyethylene

The crystalline polyethylenes are examples of the coexistence of
crystal and amorphous phasces. The Pastine theoretical EOS for
polyethylene*3-#4 is composed of a crystal part constructed on
the basis of precise crystallographic structural data, and an
amorphous part constructed with the usc of averaged structural
assumptions. In a recent study*® we have performed a scries of a,,

503K a
1.4{\—453 K
\ 403 K
=353 K
1.01 T 303K

0.6

0.2

0 100 200 300
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Figure 7 Isobaric thermal expansivities a, derived from a soft-sphere
EOS?' combined with a contribution for the chain-assoctation
accounting for the volume changes*? for n-hexanol (¢) and its binary
mixture with n-hexanc: 0.1 molar ratio of n-hexanol (@) and 0.5 molar
ratio of n-hexonal (b).
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measurements for polyethvlenes of various crystallinitics at
several temperatures as a function of pressure up to 300 MPa. As
an cxample. in Figure 8a three a, isotherms for low-density
polyethylene (crystallinity x, = 0.4) arc presented. One can see
that the isotherms have a tendeney to converge at high pressures,
but they do not cross as was observed for simple liquids. This
observation is limited to the pressure range under investigation.
The measurements performed for polyethylenes of various
crystallinities have shown that «,, is a lincar function of crystalli-
nity over the whole (p.T) surface under investigation. From this
obscrvation a, for both crystal und amorphous phases could be
determined by extrapolation to y. = 1.0 and x. = 0.0. Itis worth
noting that the isotherms for the amorphous phase cross (sce
Figure 8&b). and thus in this respeet the behaviour of the
amorphous phasc is similar to the behaviour of a simple liquid.
For the crystal phase (Figure 8c¢) the isotherms are almost
parallel over the pressure range under investigation. The same a,,
isotherms for both the crystal and amorphous phases could also

be derived from the Pastine theoretical EOS.## A comparison of

a, derived from the Pastine EOS and a, cxtrapolated from the
experimental data is presented in Figures 8a and &b for the
amorphous and crystal phases. respectively. One can see that for
the crystal phase (Figure 8¢) the agreement at atmospheric
pressurcis reasonable (at 333 K the agreement is almost perfeet).
but discrepancies appear with increase in pressure. For the

. a
090 \Calorimetric:
. . 363K
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Figure 8 Isobaric thermal expansivities a,. for a cryvstalline polyvethy-
lene:**(«) experimental for low-density polyethylene (eryvstallinity
xe = 0 (M) experimentat (extrapolated) and caleulated «,. from the
Pastine EOS*##+ for the amorphous phase: (¢) experimental (extrapo-
lated) and calculated a, from the Pastine EOS#3++ for the erystal
phase.

amorphous phasc (Figure 8b) the agreement is less satisfactory
both at low and high pressures. Most probably this can be
cxplained by the approximative character of the amorphous
part in the Pastinc EOS.#3

7 Other Thermodynamic Criteria

Brown*® and later Rowlinson*™ have proposed thermodynamic
ceriteria for EOS which should be satisfied. including the exis-
tence of the Amagat line where (U V) = 0. or the Charles line
where (CI1 Cpyy = 0. Furthermore. second derivatives define
two additional lines: (¢Cy- ¢ V) = Oand (¢C, ¢p)y = 0. where the
isotherms of principal heat capacities show maxima or
minima.*” A disadvantage of these criteria is that they constitute
qualitative tests only, because there are not enough experimental
data on those derivatives over sufficiently large ranges of pres-
sure and temperature. Practically all existing data. especially in
the high pressure region. have been derived from empirical
cquations of state. often constructed in a predictive way. and
thus cannot be used as reliable reference data. However. it is
uscful to recall that the minima at the isotherms of the isobaric
heat capacity are practically determined by the behaviour of a,,
(cquation 26):

("Q;,m ==, T| «* + 4 (26)
v cr/,

When the «, isotherms cross. a negative valuc of (ca,:¢T),
appears which may causc (¢C, ¢p), Lo become zero since aj is
always positive. Direct measurements of heat capacities at high
pressures are very difficult. and there is no such high-pressure
calorimeter working over a large range of temiperature yet
reported in the literature. Thus. the calorimetric data on a,(p.T)
are presently also the most important experimental information
on the pressure dependence of the heat capacity over large
ranges of pressure and temperature. The exact values of €, can
thence be obtained through the equation of state. However. for
that purpose the heat capacitics at atmospheric pressure (or
saturated vapour pressure) must also be accurately known as a
function of temperature. This information can be obtained by
temperaturc-controlled scanning calorimetry (DSC). As an
example. Figure 9 shows isotherms of €, for methane at 140 K
derived using various EOS which are compared to the data
obtained from reference tables.?® Once again. one observes that
the best reproduction of the experimental data is obtained with
the soft-sphere EOS for which the repulsive contribution is
based on the 8 4 Lennard-Jones potential.
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Figure 9 lsobaric heat capacitics (. for liquid methanc as a functions of
pressure at 140 K: comparison of experimental and derived C, from
various FOS.
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8 Conclusions

The isobaric coefficient of thermal expansion, being the second
derivative of the thermodynamic potential, is the most sensitive
test for verification of equations of state. It can be measured by
pressure-controlled scanning calorimetry over large ranges of
pressure and temperaturc. The analysis of selected EOS of the
van der Waals type has demonstrated the following:

the van der Waals EOS, and the EOS with the modified
attractive term, do not corrcctly reproduce a,(p.T) for
simple liquids, nor correctly give the crossing point of its
isotherms;

EOS of the van der Waals type with the repulsive part softer
than the simple rigid-sphere term RT/(V,, — b) reproduce
the crossing point of a,(p,T) isotherms, although the absol-
ute valucs are rather far from the calorimetric data;

the best reproduction of the isotherm crossing point is
obtained when the rigid-sphere term in the van der Waals
EOS isreplaced by a soft-spherc repulsive term based on the
8 -4 Lennard-Jones potential.

The above observations are similar for both n-hexane and
methane as test substances, indicating that the anisotropy in the
shape of interacting molecules has a minor effect on the high-
density properties of simple liquids. The observations concern-
ing the shape of the repulsive branch of the interacting pair
potential are similar to the conclusions made on the basis of
atomic scattering and shock compressions.!'® However, the
information from the calorimetric method is much easier to
derive from the EOS under investigation and to corrclate with
the intermolecular potential,?:3-2! The observation that the
crossing point of isotherms may be reproduced only with soft
interacting pair potentials is to some extent similar to an attempt
by the present author to cxplain the existence of the crossing
point of a, isotherms for simple dense liquids by the pressure-
sensitive shape of the effective intermolecular potential.® For
associated and self-associated liquids the situation is much more
complicated, but as shown in the present article for n-hexanol
and its binary mixturcs with n-hexane for example, calorimetric
information can serve as a guide in searching further for better
EOS, which should include various specific interactions. It is
also possible to extend this method to more complicated exam-
ples of condensed matter, as was demonstrated taking polyethy-
lene as an example.
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